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On  the  "  Best"  First-Order  Linear  Shell  Theory  * 

by 

Bernard  Budlanslgr  and  J»  lyell  Sanders,  Jr, 


INTRODUCTION 


Li  narked  contraat  to  the  theories  of  bending  and  stretching 
of  flat  plates,  the  general  linear  theoxy  of  thin  elastic  shells  has 
net  yet  received  a  universally  accepted  fonnilationi  it  is  only  a 
slight  exaggeration  to  say  that  each  investigator  favors  a  different 
theoxy*  The  eo^)aratlve  studies  of  Koiter  [1960]  clarify  and  eabstan- 
tlate  the  vilely  held  ijqpression  that  there  is  little  dlfferexxee,  froai 
the  point  of  view  of  accuracy,  among  maxiy  of  the  existing  sets  of  shell 
equations,  and  also  show  that  sceie  must  be  regarded  wl^h  srispiclon* 
Nevertheless,  it  is  inconvenient  to  have  to  study  and  assess  the  equations 
underlying  each  new  work  on  shells* 

A  more  satlefactoxy  state  of  affairs  would  prevail  if  a  set  of 
equations  that  uniquely  embody  certain  clearly  desirable  characteristics 
could  be  logically  deduced  and  then  generally  adopted*  A  derivation  of 
this  type,  leading  to  equations  originally  presented  in  lines-of-*nirvature 
coordinates  by  Sanders  [1959],  is  given  in  this  paper* 


A  TENSOR  THECRI 

The  first  criterion  to  be  met  in  the  search  for  a  standaxxi  theory 
is  that  it  be  susceptible  to  formulation  in  general  tensor  notation  in 

*  This  work  was  sajqported  by  the  Office  of  Naval  Research  and  by  a  John 
Simon  Quggenheim  Memorial  graxit  in  1961  to  the  first  author* 
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terms  of  an  arbitrary  coordinate  system  in  the  middle  surface  of  shells 
of  arbitrary  shape*  We  cannot  defend  this  requirement  on  strict  logical 
grounds*  It  is  not  eren  clear  that  exact  laws  of  nature  must  necessarily 
be  expressible  in  tensor  form*  and  so  it  is  eren  less  possible  to  insist 
on  a  tensor  representation  of  approximate  theories*  But  the  elegance  of 
tensor  notationj  the  generality  it  affords*  and  its  utility  In  theoretical 
studies  constitute  strong  arguments  in  its  favor*  At  the  sasie  tiias*  general 
tensor  equations  in  arbitrary  coordinate  systems  can*  of  course*  always  bo 
transformed  into  "  physical"  equations  in  special  coordinate  systems)  the 
reverse  process  is  not  always  possible* 

Lot  the  middle  surface  of  the  undeformed  shell  be  defined  fay  meins 
of  the  cartesian  position  vector  *  In  the  present  paper  the 

coordinates  are  used  to  label  material  particles  in  both  the  undeformed 
and  defomed  middle  surfaces*  The  metric  tensor  and  the  curvature  tensor 
of  the  undefomsd  middle  surface  are  given  by 


snd 


(1) 


-  -X 


(2) 


where  is  the  unit  normal  to  the  undeforawd  middle  surface) 

CMfis  denote  covariant  differentiation  throughout  this  paper*  According 
to  the  fhndaasntsl  theorem  of  surfaces  these  two  tensors  completely 
define  a  surface  (within  a  rigid  body  motion)  provided  they  satisfy  the 
Qauss  and  Codazsl  identities*  The  defozned  middle  surface  is  defined 
by  its  cartesian  position  vector 

y^  -  x^  ♦  u®  x^„  ♦ 


(3) 
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vhttre  u**  and  v  are  the  diaplacements  given  aa  functions  of  • 

The  two  fundaaental  tensors  of  the  deforced  middle  surface.  O.b  and 

B  „ ,  are  given  fay  fonmilas  similar  to  (1)  and  (2). 

Op 

FStST  ORDER  THECST*  THE  KIKCHOFT  iSSUMFTlONS,  AND  STRAINS 

The  meaning  of  the  characterisation  *  first-order"  (or  "  first 
^rooclmation"  )  in  shell  tEmory  is  that  the  defoned  state  of  the  shell 
is  determined  entirely  by  the  deformed  configuration  of  its  eurfaos. 

The  displaced  locations  of  material  points  off  the  middle  surface  are 
rendered  determinate  fay  means  of  the  Kirchoff  assui^loni  material  nor¬ 
mals  to  the  undefomed  middle  surface  do  not  change  length  and  remain 
normal  to  the  deformed  middle  surface  after  deformation  of  the  shell* 
Accordingly,  in  any  first  order  theory,  the  deformed  shell  is  character¬ 
ised  geonetrically  entirely  by  0^  and  ,  the  metric  and 

curvature  tenrcrs  of  the  deformed  middlu  surface* 

It  follows  then,  that  the  distortions  of  the  shell  are  defined 
adequately  fay  the  stretching  strain  tensor 

and  the  bending  strain  tensor 


~  ^op 


(5) 


These  tensors  obviously  vanish  for  rigid  body  motions*  hi  terms  of  the 
wurface  displacement  vector  u'^  and  the  normal  displacesiont  w  , 


u 


thefl«  strain  tensors  irtien  linearised,  can  be  calculated  to  be 


"  5  ^'^0,0  *  *  ^oP 


‘.p  ■  5  (»a.f  ‘  *  5  <»I  «r.p  ♦  '>?  “r.a)  •  »:  ‘rp  » 


^ere  the  rotation  rector  jB.  is 

a 


0  •  -  w  ♦  b  . 

'^a  ,a  00 


(6) 

(7) 

(8) 


We  note.  In  anticipation  of  what  is  to  follow,  that  the  measures 


00 


and 


of  stretching  and  bending  strain  need  not  be  precisely  E 
^00  *  linear  combinations  from  which  and 

be  recovered  mi^t  be  used  instead.  Part  of  the  problem  in  deriving  a 


ap 


can 


conplete  shell  theory  is  to  decide  which  two  combinations  of  E 


cp 


at>d  K 


op 


to  adopt  as  basic  strain  measures. 


FORCES  AND  NOHEKTS 

As  ordinarily  defined,  the  stress  measures  in  the  theory  of  thin 
shells,  namely  the  membrane  stress  tensor  and  the  bending  mosmnt 

tone or  Hi  must  satisfy  the  following  well-known  exact  system  of 

equilibrluffl  equations 


0 


(9*) 
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-  ‘cp  ‘  ®  OO) 

,“P  Ch»P  .  Mf"  ]  •  0  (9c) 

where  and  p  are  external  load  intensities  assumed  applied  at 

the  middle  surface* 

It  is  characteristic  of  both  approximate  and  exact  theories  of 
structural  mechanics  that  they  involve,  as  basic  Ingredients^  a  certain 
tuukber  of  strain  measures  and  an  equal  number  of  stress  measures  linked 
by  constitutive  relations*  As  was  shown  in  the  previous  section  six 
measures  of  strain  are  sufficient  for  a  first  order  theoiy*  But  now  there 
are  apparently  eight  measures  of  stress  since  and  are  not 

in  general  symnetrlc*  One  possible  tentative  remedy  for  this  unpleasing 
lack  of  symmetiy  in  the  theory  is  to  define  modified  stress  measures. 


.  1  (M«P  ♦ 

(io) 

yap 

-  -  b^ 

T 

(11) 

which  are  symmetric  tensors,  the  first  by  definition,  the  second  by 
equation  (9c}*  The  question  of  the  adequacy  of  those  modified  stress 
measures  is  partially  resolved  by  the  remarkable  fact  that  the  remaining 
equations  (9*)  and  (9b)  can  be  written  exactly  in  terms  of  and 

as  follows  t 
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♦  bP  1!®^  ♦  2bP  ir“  ♦  pP  -  0 

*0  Y»«  y  *« 

(12) 

H“p  -  -  b .  bP  -  b .  ii®P  ♦  p  -  0 
,afi  ap  Y  op  ** 

The  idea  of  reducing  the  number  of  stress  measures  in  the  theoxy 
of  shells  from  eight  to  six  (without  approKimation)  was  first  suggested 
by  Lurie  [1950]  and  used  by  Novoshilofv  [1951]  but ,  as  will  be  fehown  sub¬ 
sequently!  Lurie •Novozhilov  reduction  performed  in  llnes-of-curvmture 

coordinates  is  not  consistent  with  any  general  tensor  representation  of 
the  modified  stress  rarlables* 

The  teiiq)tatlon  is  now  strong  to  adopt  1I®P  and  as  the 

basic  stress  measures  in  shell  theory  and  to  form  constitutire  relations 
between  them  and  and  •  But  an  important  question  presents 

Itselft  would  this  lead  to  well-defined  boundary-value-problems  for  the 
determination  of  the  configuration  of  the  distorted  shell  with  uniqueness 
of  solution  guaranteed? 

VIRTUAL  WORK,  UNH^JENESS!  AND  MINIMUM  FRiNClFLES 

By  means  of  a  direct  calculation  we  can  show  that  the  familiar 
three-dimensional  intemal-virtual-work  expression  o^  s^  dv 

reduces  exactly  to  the  following  integral  over  the  shell  mildle  surface 

when  the  deformations  are  cwiatralnrid  by  the  Eirchoff  asc-inpt-t 
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This  result  is  quite  ixtdependent  of  the  stress  distribution. 
Under  the  same  assumption  the  external  virtual  work  is  exactly 


T  /a  ♦  #3  "a 


“n+n 


(lU) 


where  the  line  integral  is  over  ti;e  boundary  S  of  the  shell  middle 
surface,  and  on  S 

■  membrane  force«per«unit«lengtb  vector  (•  n.) 

P 

Q  ■  transverse  force  per  unit  length  -  ®o) 

»“  p 

K  ■  normal  bending  moment  (■  M  .  n  n.) 
n  Op  a  p 

■  twisting  moment  (•  n^  t^) 

■  normal  rotation  (■  n^) 

t®  ■  unit  tangent  vector 

n®  ■  unit  normal  (in  middle  surface)  to  S  , 

For  siii9>licity  S  is  assumed  smooth;  otherwise  aduxtional  terms  enter  (lU) 
at  comers.  Now  by  virtue  of  the  three^imensional  principle  of  virtual 
work,  it  follows  without  the  need  for  further  proof  that  (13)  and  (lU)  must 
be  equal  to  each  other  whenever  (a)  and  are  derivable  via 

(6)  and  (7)  ft’om  displacements  u®  ,  w  ,  and  (b)  11®^  ,  H®^  ,  T®  , 

and  Q  are  the  resultants  of  any  threeKtlmenslonal  stress  state 
in  equilibrium  with  p®  and  p  . 

From  the  form  of  (lU)  one  natiirally  defines  an  effective  boundary  membrane 
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force  T®  -  T®  -  b“ 

P 

- 

(as  In  plate  theory)  TJ  ■  Q  -  g-j  •  It  turns  out  then,  that  , 

Q  and  are  expressible  exactly  in  terms  of  the  modified  tensors 

!I®^  and  as  follows  t 


and  an  effective  transverse  force 


T®  - 

(B®^  ♦b®B^  ♦b®!"!  !rrP)n„ 

Y  M  Y  P 

(15) 

^  - 

’’^0  °P  *  “o 

(16) 

M  - 

n 

(17) 

Now,  as  one  would  suspect,  the  requirement  (b)  for  the  equality 
of  (13)  end  (lU)  nay  be  relaxed  sis^ily  to  the  stipulation  that  B®^  , 
H®^  ,  p®  ,  and  p  satisfy  the  equilibrium  equations  (12)  and  that 
T®  ,  ^  ,  and  be  defined  b7  (1^)»  (16),  and  (17)*  This  can  be 

verified  by  direct  use  of  the  divergence  theorem* 

We  are  now  in  a  position  to  formulate  classical  types  of  boundaxy 
value  problems  with  admissible  boundary  conditions  as  indicated  by  the 
foiTO  of  (lU)*  Thus  we  can  specify  either  T®  or  u®  ,  or  ■ 

Q  or  w  }  or  we  can  isqpose  elastic  constraints  by  relating  T® 

u®  ,  etc*  If  we  Introduce  constitutive  relations  between  B®^  , 
and  idiich  render  (13)  positive  definite,  then  a  unique 

solution  of  the  fi<«ld  equations  (6),  (7),  (12)  and  these  constitutive 
relations  is  guaranteed  (except  possibly  for  rigid  body  motions)*  The 


.  ?  % 


proof  is  of  th«  usual  typs  that  axplolts  a  virtual  work  principls, 

Ths  qusstlon  of  sxlstsnce  remains  open. 

Vfo  shall  not  devote  mch  attention  here  to  the  form  of  the  required 

constitutive  relations}  suffice  it  to  say  that  Novoxhilov  [1951}  and 

Koiter  [i960}  have  given  eoi^lling  arguments,  based  on  considerations  of 

strain  energy,  that  can  be  used  to  defend  the  accuracy  of  the  uncoupled 

(Love)  relations  between  17^  and  E..  ,  and  between  and 

Op 

K  .  •  We  do  not  insist  that  other  relations  must  not  be  used  as  long 
Op 

as  they  keep  (13)  positive  definite. 

With  such  constitutive  equations  adjoined  to  the  equilibrium 
equations  (12)  and  the  strain*^ isplacenent  eq[uations  (6)  and  (7)  we  not 
only  have  a  virtual  work  principle  (and  hence  uniqueness)  but,  in  the  usual 
fashion,  we  can  easily  formulate  and  prove  principles  of  potential 

energy  and  miniaaui  eoBq)leaentaiy  energy  and  reciprocal  theorems  analogous 
to  those  of  three-dinenaional  elasticity.  The  use  of  and 

as  stress  swasures  has  turned  to  be  entirely  adequate  because  we  have 
at  this  point  derived  a  complete  and  satisfactory  theoretical  appai-atus 
for  shell  analysis.  But  additional  considerations  wi**!  lead  to  a  better 
theory. 


ALTERNATIVE  STRAIN  VARIABLES 

As  stated  previously,  there  was  no  obvious  requlreaont  for  using 
and  as  the  tensors  describing  the  defonution  of  the  shell. 

We  shall  consider  alternatives,  but  in  so  doing,  we  shall  simultaneously 
introduce  new  modified  stress  and  momnt  tensors  so  as  to  leave  unchanged 
the  form  and  content  of  the  virtual  work  expression  (13),  and  ao  retain 
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all  of  tha  daairabla  faaturas  of  tha  thaoxy  Juat  darivad. 

Li  axploring  altamatlva  atrain  maasuraa  Ka  ara  raluctant  to  dlacard 

I  .  .  Stratching  of  tha  alddla  surfaca  haa  to  do  only  with  taatrie  propar- 
op 

tias  and  haa  nothing  to  do  with  •  In  tha  aanbrana  thaory  of  ahalla 

and  in  all  tha  diffarant  banding  thaoriaa  of  ahalla  ia  aceaptad  aa 

tha  ataudanl  aaaaura  of  tha  niddla  aurfaca  atratching  atrain*  BowaTar» 
tha  aaaaura  of  banding  atrain  la  not  at  all  atandard.  Wa  conaldar  aa 
altamatiraa  to  a  claaa  of  linaar  eonbinationa  of  and 

of  tha  fom 


op  V 


(18) 


whara  ia  raquirad  to  ba  agmaatrlo  in  a  and  p  *  For  dinan- 

Aa 

aional  raaaooa.  md  in  ordar  that  K  .  raduca  to  K  .  in  tha  eaaa  of 

«p  op 

flat  plataa^  will  ba  aaauaad  to  ba  a  hoaoganaoua  Ibncticn  of  dagraa 

cna  r'  tha  ahall  cunratura  tanaor*  For  ainplieitT  will  ka  aaauaad. 

op 

furthar  to  ba  a  linaar  Auction  of  tha  coamonanta  of  b  .  •  Than,  to 

op 

within  conatant  factora,  thara  axiat  juat  tha  followi.ig  four  Indapandant 

tanaorial  foraa  of  E  .  (Rirlin  Cl955J) 

op  TO 


w<*>l  • 

/ 

%>}  • 

/ 

(19) 


u 


The  additional  fora 

(20) 

idiich  appears  to  belong  in  the  liatf  la  actually  given  by 

"  (^op^l  *  (®ap^2  *  “  (*^op'u 

according  to  the  extended  Cayley4{aailton  theorea  of  Rivlln  [1955]  • 
It  should  be  remarked  that  the  alternative  forms  for  K  . 

qp 

given  by  the  subtraction  from  K  .  of  texms  of  the  type  in  (19) 

®P 

are  all  acceptable  in  the  sense  of  loiter  Cl960]f  who  shows  that  the 
error  in  Love's  uncoupled  strain  energy  expression  (ccnsistent  with 
uncoupled  stress-strain  relations)  is  essentially  the  no  matter 
which  of  these  alternatives  is  used*  Koiter  himself  prefers  the  ex- 
presslon 


V  ■  *a?-5‘Vs 

idiichi  in  lines-of-curvature  coordinates^  is  the  saM  as  that  of  Sanders 
tl959]«  Ml  is  the  one  shlch  will  ultimately  be  preferred  hezm*  1  pleasing 
feature  of  remarked  upon  by  Koiter  is  that  it  can  be  written  neatly 

in  the  fozm 


(22) 
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in  terms  of  the  rotation  vector  i  and  the  rotatlon-about-the-noraal 

a 

tensor  j  ^  ^  there  are  even  more 

A 

cogent  reasons  for  the  adoption  of  as  the  standard  measure  of 

bending  strain* 

To  retain  a  virtual  work  expression  of  the  form  (.'’3)  when  K  . 

“P 

is  adopted^  11^  asj  be  retained  as  the  basic  modified  bending  moaenb 
tensoTi  but  a  new  modified  membraut)  stress  tensor 

(23) 

Bust  be  Introduced*  giving  the  virtual  work  expression 

J  4  (8°^  \  i„fi)  “  (2W 

The  equilibrium  equations  in  terms  of  and  H"*'  *  Still  exacty 

becoM 

‘  f  ■  “  »« 

Note  the  striking  point  that  (26)  In  terms  of  N^  and  has 

precisely  the  same  form  as  (9b}  In  terms  of  the  iinsymmstrical  tensors 

N*^  and  •  Naw,  anticipating  the  ultimate  preference  for  K  . 

®P 

and  jdfi 

f  the  general  alternative  version  of  K  .  will  be  written 

“P 
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h 


(27) 


ufatr*  tha  ara  conatanta.  Tha  aodifiad  aaaoclatad  with 

that  proridaa  a  Tirtual  work  daaalt^  (5®^  i^)  la 

raadllor  found  to  ba 

U 

.  a"?  ♦  £  .1  (p^)j  (28) 

1p1 

whtra  tha  ara  tha  sane  as  thosa  in  (27)>  and  whara 

(p^)^  .  b“Pr 
-  bjipp 

(f*),  -  8'^b^IP' 

(P‘«)i  .  ."f  bj  SJ 

Note  that  tha  aaeood  and  fourth  of  tha  form  In  (19)  and  (29)  are  alciilarf 
tait  that  (Qgp)j^  h"  tha  atructura  of  (P®^)j  and  (^0^)3  h*®  that 

of  (P*^)^. 


Wa  can  now  atata  categorically  that  the  modified  banding  strain  and 
mambrana  atrasa  aeainires  used  by  Lurie  and  Noroshilov  in  their  analyses 


Hi 


in  lin«f-of-eurTatur«  coordinates  are  not  special  cases  oi'  (22)  and  (28). 
The  shell  theoxy  given  in  Novoshilov's  book  Cl95lJ  has  a  virtual  work 
principle)  and  the  bending  strain  variables  are  ”  acceptable"  in  Kolter's 
sense)  but  the  equations  can  not  be  cast  into  tensor  form  in  general 
coordinates  for  arbltraiy  shells. 

Now  we  can  begin  to  discuss  the  further  advantages  of  (21)  and 
(23)  over  any  of  the  alternative  forms  (27)  snd  (28)  provided  all 
possible  choices  for  the  c^  • 

THE  STATIC  ^EGHETRIC  ANALOOT 

The  Russian  literature  on  shells  often  xefers  (seS)  for  example) 

Qoldenvelzer  [1961])  Novozhilov  [1951])  Lurie  [1961]) to  an  interesting 

type  of  analogy  between  equilibrium  equations  (with  no  external  loads) 

in  terms  of  forces  and  moments  on  the  one  hind,  and  compatibility 

equations  in  terms  of  certain  stretching  and  bending  strains  on  the  other. 

However)  the  analogy)  as  exhibited  by  Novoshilov  and  Lurie  in  lines-of- 

curvati'rs  coordinates  involves)  of  couisS)  non-tensorlal  force  and  bending 

strain  variables.  But  a  statlc-geonetric  analogy  found  Independently  by 

Sanders  [1959]  can  be  written  tensorially  in  terms  of  M'"*'  ,  , 

and  t  .  as  follows. 

Op 


W«P  -  -  i  Ce““  ePr  i  j  (30) 

.  rP  .  1  [e**  .Pif  I  }  (31) 

®T 


Let 
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Theiif  in  the  absence  of  loading  terna  and  p  ,  the  real  parts 

of  the  following  equations  are  the  equllibriun  equations  (25)  and 
(26)f  idiile  the  Inaginaiy  parts  are,  rigorously,  equations  of  strain 
eosqpatibilityt 


♦  bP  ZY®  ♦  4  (b^  -  b“  )  -  0 

,a  Y  #0  i  '  Y  Y  ' 


(32) 


An  ijnsidiate,  useful  consequence  of  the  statie-geonetrlc  analogy  is 

that  honogeneous  equllibriun  states  can  easily  be  generated  in  tenas  of 

stress  Ihnetions  fi  and  i  sismly  by  replacing  u  and  w 

in  the  strain-displacement  relations  (6)  and  (22)  by  8^  and  ^  ^ 

and  setting  the  resultant  expressions,  multiplied  by  a^  ,  equal 

to  and  ,  respeetively* 

We  now  consider  the  questioni  trtiich,  if  any,  of  the  alternative 

versions  (27)«  (26)  for  K  o  and  would  enjoy  a  static-geometric 

op 

analogy?  A  detailed  study  of  all  the  possibilities  '^;.eals  that  the  set 
of  admissible  alternatives  Is  reduced  somewhat  by  this  criterion,  to 

”  ®2  ”  ®1 

a'P  -  ir«  ♦  Cg  (P‘^)2  ♦  Cj^  {p“P)^  ♦  c^  [(p“P)3  -  (P®P)^J  (3U) 

Note  that  the  K  .  and  11^  we  first  arrived  at  in  our 

op 

development  are  not  members  of  these  sets{  they  csn  lead  to  a  static- 


16 


geoffletric  analogy*  and  so  we  reject*  at  this  point*  the  preTlously  derived 
theory  and  turn  our  attention  to  the  equilibriuB  equations  (25)  and  (26)* 
and  the  strain-diapLicement  equations  (6)  and  (22).  The  virtual  work 
principle*  with  and  replaced  by  and  remains 

intact*  and  the  effective  boundaiy  membrane  force  is  new  given  by 

r  .  til^  .  |(b“  Rrf  -  bj  Ipf  )  ♦  b“  t“  Srf  ]  np  (35) 

while  (16)  and  (17)  still  apply.  Once  again*  the  introduction  of 

appropriate  constitutive  relations  provides  a  co^>lste  system  of  equations* 

with  associated  variational  and  reciprocal  principles  available.  Retention 

of  the  uncoupled  Love  relations  between  and  *  and 

•V 

K  .  still  appears  to  be  a  sensible  and*  on  the  basis  of  Bolter's  and 
Op 

Novozbilov's  work*  a  Justifiable  procedure* 

But  now*  before  considering  this  apparatus  as  the  definitive  one*  we 
must  give  sons  good  reasons  for  rejecting  the  alternatives  afforded  tgr 
(33)  and  (3U). 


THE  FORK  OF  THB  EQUATIONS  JN  SFBCUL  CASES 

In  contrast  to  the  many  different  sets  of  general  shell  equations 
that  have  been  proposed*  there  appears  to  be  coaaun  agreemeut  on  the 
equatiens  for  syiSDstrical  bending  of  shells  of  revolution)  the  olassical 
theory  of  Love  Cl927J  is  generally  followed  in  this  important  special  case. 
It  would  clearly  be  desirable  for  a  standard  general  theory  to  agree  with 
Love's  theory  in  this  case.  The  presently  preferred  theory  does  so  agree) 
in  the  special  case  considered*  only  the  diagonal  terms  of  £  .  *  when 
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vritten  in  linec-of-cunr«ture  coordinates,  are  non-Tanishing,  and  they 
are  found  to  agree  with  the  corresponding  two  bending  strains  of  Love* 
Furthermore,  none  of  the  alternative  expressions  for  afforded  by 


(33)  enjoy  this  distinction* 

It  might  be  noted,  next,  that  curved  beam  theory  can  bo  regarded 
as  e  special  case  of  cylinder  theory  in  idiich  the  deformations  are  inde¬ 
pendent  of  the  axial  coordinate.  In  this  case,  with  taken  in  the 

A 

circumferential  direction,  reduces  to  the  meaeure  of  bending  strain 

correspondlag  to  the  simplest  curved  beam  theory.  An  alternative  measure 
corresponding  to  (equal  to  the  linearised  change  of  curvature)  has 

occasionally  been  used  but  it  leads  to  awkward  energy  expressions* 

It  may  be  observed,  incidentally,  that  when  lines-of-curvature  coordiristes 
are  used  for  the  general  shell,  the  preferred  expression  has  the 

attractive  feature  that  8^  and  are  identical  with  the  unmodified 

components  and  jj22 

of  the  unsymetrical  membrane  stress  tensor* 
This  is  true  also  of  the  Lurie-Novozhilov  modified  stresses,  idiich,  in  lines- 
of-curvature  coordinates  differ  from  8°^  only  in  the  shearing  term| 
similarly,  in  the  same  coordinates,  only  the  off-diagonal  tenos  of  K  . 

op 

differ  trca  the  Lurie -Novoshllov  conqponents  of  bending  strain*  It  appears, 
then,  that  the  oily  one  of  the  various  characteristics  uiat  we  consider  de¬ 
sirable  in  a  stardard  general  shell  theory  that  is  violated  by  the  Lurie- 
Novozhilov  fonwlatlon  is  that  it  have  a  general  tensor  character* 


CGNCLUSIONS 

Ve  have  arrl\ed  at  a  linear  first  order  theozy  of  elastic  shells  that 
is  considered  by  us  to  be  the  *>  best"  on  the  basis  of  various  logical  and 
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esthetic  criteria;  t.h-i.’;  theory  was  originally  proposed  by  Sanders  [19593 
in  lines-of-cunrature  coordinates.  To  sun  up^  the  features  that  characterise 
this  theory  arei 

(a)  the  equations  can  be  written  in  general  tensor  fom  for  arbitrary 
shells I 

(b)  the  defomations  are  described  by  six  strain  measures,  three  of 
irtiich  are  the  components  of  the  uraal  membrane  strain  tensor; 
the  other  three  deviate  frotn  the  components  of  the  geometrical 
curvature-change  tensor  only  by  terms  that  are  bilinear  in  the 
coi^)onent8  of  the  curvature  and  the  menbrane  strain  tensor; 

(c)  the  stresses  are  described  by  six  stress  measures  that  satisfy 
the  equations  of  equilibrium  without  approximation; 

(d)  the  theory  has  a  principle  of  virtual  work  that  is  exact  for  dis¬ 
placements  obeying  the  Kirchoff  lypotheses;  in  conjunction  with 
appropriate  constitutive  relations  between  the  stress  and  strain 
measures,  well-set  boundary  value  problems  can  be  fonmL;.ated,  and 
the  usual  minimum  and  reciprocal  relations  of  structural  mechanics 
apply; 

(e)  the  theory  contains  an  exact  static-geometric  analogy; 

(f)  idien  applied  to  the  symmetrical  bending  of  shells  of  revolution, 
the  stress  and  strain  measures  agree  with  those  generally  used; 
they  are  consistent,  too,  with  those  of  the  most  sijqple  curved 
beam  theoiy. 

If,  finsOly,  we  stipulate,  for  the  sake  of  8iiq)llclty  and  definiteneaa  that 

(g)  the  stresc  and  strain  measures  obey  the  uncoupled  Love  constitutive 
relations, then  the  features  (a)  -  (g)  appear  to  characterize  uniquely 
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the  presently  preferred  theory.  Thus,  whether  or  not  this  theory  is 
generally  adopted,  it  is  hoped  that  ihe  present  study  will  facilitate 
the  assessment  of  aqy  given  alternative  theoiy  by  revealing  idiich  of 
the  characteristics  (a)  -  (g)  it  necessarily  fails  to  embody. 
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